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Useful Readings 
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• Any book on linear algebra! 

• [HZ] – chapters 2, 4. 
 

 

 

 

 

Some of the slides in this lecture are courtesy to Prof. Octavia I. Camps, Penn State University, Prof. Silvio 

Savarese, University of Michigan and Prof. Noah Snavely, Cornell University. 

Temporary structures, site profile, foundation 

walls, and slab rebars are reconstructed 

Image View

3D View

(a)

(b)

(c)



Application of Traffic Engineering 
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Google Art Project 
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CAPTCHA & Re-CAPTCHA 
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Outline 

• Image Formation 

 

• Review of Linear Algerba and Geometric 
Transformation 

• Basics definitions and properties 

• Geometrical transformations 

• Application: removing perspective distortion – 

the DLT algorithm 

 

 

• Next Class 
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What is an image? 

http://media.photobucket.com/image/best%20construction%20image/Joeyjordisonfan16/burj%2520dubai%25202/115oi1.jpg 

CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

7 



CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

8 

What is an image? 

Digital Camera 

The Eye 

Source: A. Efros 

We’ll focus on these in this class 

(More on this process later) 
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Images 

 Discrete representation of a continuous function 
• Each image is a two dimensional array of pixels 

• Pixel: Element of a picture – cell of constant color in a 
digital image (i.e., numeric value representing a uniform 
portion of an image) 

 
 

 Grayscale 
• All pixels represent the intensity of light in an image, be 

it red, green, blue, or another color  
 Similar to holding a piece of transparent colored plastic over 

your eyes 

• Intensity of light in a pixel is stored as a number, 
generally 0..255 inclusive 

 

 
Courtesy of Howie Choset et al. CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

9 



Images (Cont’d) 

 Color 
• Three grayscale images layered on top of each other 

with each layer indicating the intensity of a specific color 
light, generally red, green, and blue (RGB) 

 

• Third dimension in a digital image 

 

 Resolution 
• Number of pixels across in horizontal 

• Number of pixels in the vertical 

• Number of layers used for color 
 Often measured in bits per pixel (bpp) where each color uses 8 

bits of data 

• Ex: 640x480x24bpp 
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Images (Cont’d) 

 A grid (matrix) of intensity values 

 

 

 

 

 

 

 

= 

255 255 255 255 255 255 255 255 255 255 255 255 

255 255 255 255 255 255 255 255 255 255 255 255 

255 255 255 20 0 255 255 255 255 255 255 255 

255 255 255 75 75 75 255 255 255 255 255 255 

255 255 75 95 95 75 255 255 255 255 255 255 

255 255 96 127 145 175 255 255 255 255 255 255 

255 255 127 145 175 175 175 255 255 255 255 255 

255 255 127 145 200 200 175 175 95 255 255 255 

255 255 127 145 200 200 175 175 95 47 255 255 

255 255 127 145 145 175 127 127 95 47 255 255 

255 255 74 127 127 127 95 95 95 47 255 255 

255 255 255 74 74 74 74 74 74 255 255 255 

255 255 255 255 255 255 255 255 255 255 255 255 

255 255 255 255 255 255 255 255 255 255 255 255 

(common to use one byte per value: 0 = black, 255 = white) 
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Source: Noah Snavely 



Color Image 
R 

G 

B 
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Images in Matlab 
 Images represented as a matrix 
 Suppose we have a NxM RGB image called “im” 
• im(1,1,1) = top-left pixel value in R-channel 
• im(y, x, b) = y pixels down, x pixels to right in the bth channel 
• im(N, M, 3) = bottom-right pixel in 3-channel 
 

 imread(filename) returns a uint8 image (values 0 to 255) 
• Convert to double format (values 0 to 1) with im2double 

0.92 0.93 0.94 0.97 0.62 0.37 0.85 0.97 0.93 0.92 0.99 

0.95 0.89 0.82 0.89 0.56 0.31 0.75 0.92 0.81 0.95 0.91 

0.89 0.72 0.51 0.55 0.51 0.42 0.57 0.41 0.49 0.91 0.92 

0.96 0.95 0.88 0.94 0.56 0.46 0.91 0.87 0.90 0.97 0.95 

0.71 0.81 0.81 0.87 0.57 0.37 0.80 0.88 0.89 0.79 0.85 

0.49 0.62 0.60 0.58 0.50 0.60 0.58 0.50 0.61 0.45 0.33 

0.86 0.84 0.74 0.58 0.51 0.39 0.73 0.92 0.91 0.49 0.74 

0.96 0.67 0.54 0.85 0.48 0.37 0.88 0.90 0.94 0.82 0.93 

0.69 0.49 0.56 0.66 0.43 0.42 0.77 0.73 0.71 0.90 0.99 

0.79 0.73 0.90 0.67 0.33 0.61 0.69 0.79 0.73 0.93 0.97 

0.91 0.94 0.89 0.49 0.41 0.78 0.78 0.77 0.89 0.99 0.93 

0.92 0.93 0.94 0.97 0.62 0.37 0.85 0.97 0.93 0.92 0.99 

0.95 0.89 0.82 0.89 0.56 0.31 0.75 0.92 0.81 0.95 0.91 

0.89 0.72 0.51 0.55 0.51 0.42 0.57 0.41 0.49 0.91 0.92 

0.96 0.95 0.88 0.94 0.56 0.46 0.91 0.87 0.90 0.97 0.95 

0.71 0.81 0.81 0.87 0.57 0.37 0.80 0.88 0.89 0.79 0.85 

0.49 0.62 0.60 0.58 0.50 0.60 0.58 0.50 0.61 0.45 0.33 

0.86 0.84 0.74 0.58 0.51 0.39 0.73 0.92 0.91 0.49 0.74 

0.96 0.67 0.54 0.85 0.48 0.37 0.88 0.90 0.94 0.82 0.93 

0.69 0.49 0.56 0.66 0.43 0.42 0.77 0.73 0.71 0.90 0.99 

0.79 0.73 0.90 0.67 0.33 0.61 0.69 0.79 0.73 0.93 0.97 

0.91 0.94 0.89 0.49 0.41 0.78 0.78 0.77 0.89 0.99 0.93 

0.92 0.93 0.94 0.97 0.62 0.37 0.85 0.97 0.93 0.92 0.99 

0.95 0.89 0.82 0.89 0.56 0.31 0.75 0.92 0.81 0.95 0.91 

0.89 0.72 0.51 0.55 0.51 0.42 0.57 0.41 0.49 0.91 0.92 

0.96 0.95 0.88 0.94 0.56 0.46 0.91 0.87 0.90 0.97 0.95 

0.71 0.81 0.81 0.87 0.57 0.37 0.80 0.88 0.89 0.79 0.85 

0.49 0.62 0.60 0.58 0.50 0.60 0.58 0.50 0.61 0.45 0.33 

0.86 0.84 0.74 0.58 0.51 0.39 0.73 0.92 0.91 0.49 0.74 

0.96 0.67 0.54 0.85 0.48 0.37 0.88 0.90 0.94 0.82 0.93 

0.69 0.49 0.56 0.66 0.43 0.42 0.77 0.73 0.71 0.90 0.99 

0.79 0.73 0.90 0.67 0.33 0.61 0.69 0.79 0.73 0.93 0.97 

0.91 0.94 0.89 0.49 0.41 0.78 0.78 0.77 0.89 0.99 0.93 

R 

G 

B 

row 
column 
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Why is linear algebra useful in computer vision? 

 Representation 
• 3D points in the scene 

• 2D points in the image 

 

 

 

 

 Coordinates will be used to 
• Perform geometrical transformations 

• Associate  3D with 2D points 

 

 Images are matrices of numbers 
• Find properties of these numbers 
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Linear Algebra 



P = [x,y,z] 

Image 

3D world 
p = [x,y] 

Vectors (i.e., 2D or 3D vectors) 
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Vectors (i.e., 2D vectors) 

),( 21 xxv
P 

x1 

x2 

 

v 

Magnitude: 2

2

2

1|||| xx v

Orientation: 








 

1

21tan
x

x












||||
,

||||||||

21

vvv

v xx
Is a unit vector 

If  1|||| v ,  v Is a UNIT vector 
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Vector Addition 

),(),(),( 22112121 yxyxyyxx wv

v 

w 

v+w 
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Vector Subtraction 

),(),(),( 22112121 yxyxyyxx wv

v 

w 

v-w 
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Scalar Product 

),(),( 2121 axaxxxaa v

v 

av 
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Inner (dot) Product 

v 

w 

 

22112121 yxyx)y,y()x,x(wv 

The inner product is a SCALAR! 

cos||w||||v||)y,y()x,x(wv 2121 

?wv ,wvif  0
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Orthonormal Basis 

),( 21 xxv

1||||

1||||





j

i

jiv 21 xx 

P 

x1 

x2 

 

v 

i 

j )1,0(

)0,1(





j

i
0 ji

? iv

22121 x1.x0.x)xx(  jjijv

12121 x0x1x)xx(  iji
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Vector (cross) Product 

wvu 

The cross product is a VECTOR! 

w 

v 

 
u 

0)(

0)(





wwvwuwu

vwvvuvu
Orientation: 

 ||u||  || || || ||| || sinv w v w   Magnitude: 

?w//vif 0u 
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Vector Product Computation 

),,(),,( 321321 yyyxxx  wvu

) 1 , 0 , 0 ( 

) 0 , 1 , 0 ( 

) 0 , 0 , 1 ( 

 

 

 

k 

j 

i 

1 || || 

1 || || 

1 || || 

 

 

 

k 

j 

i 

0 0 0       k j k i j i 

k j i ) ( ) ( ) ( 1 2 2 1 3 1 1 3 2 3 3 2 y x y x y x y x y x y x       
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Matrices 

























nmnn

m

m

m

mn

aaa

aaa

aaa

aaa

A











21

33231

22221

11211

mnmnmn BAC  Sum: ijijij bac 




























64

78

51

26

13

52
Example: 

A and B must have the same dimensions! 

Pixel’s intensity value 
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























nmnn

m

m

m

mn

aaa

aaa

aaa

aaa

A











21

33231

22221

11211

pmmnpn BAC  

Product: 





m

1k

kjikjiij bac ba

nnnnnnnn ABBA  

A and B must have compatible 

dimensions! 

ia

























nmnn

m

m

m

mn

bbb

bbb

bbb

bbb

B











21

33231

22221

11211

jb
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Matrices 

mn
T

nm AC  

Transpose: 

jiij ac  TTT ABAB )(

TTT BABA  )(

If  AAT  A is symmetric 

Examples: 



















52

16

51

26
T



























852

316

83

51

26
T 









51

25
Symmetric? 










72

23
Symmetric? 

No! 

Yes! 
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Matrices 

Determinant: 

13152
13

52
det 








Example: 

A must be square 

















333231

232221

131211

det

aaa

aaa

aaa










2221

1211
det

aa

aa
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12212211

2221

1211
aaaa
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aa


3231

2221
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3331

2321

12

3332

2322
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aa
a

aa

aa
a

aa

aa
a 



Matrices 

IAAAA nnnnnnnn  







11

Inverse: A must be square 


























1121

1222

12212211

1

2221

1211 1

aa

aa

aaaaaa

aa

Example: 

?
51
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

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









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






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
















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
















10

01

280

028

28

1

51

26
.
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25

28

1

51

26
.

51

26
1















61

25

28

1
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2D Geometrical Transformations 



2D Translation 

t 

P 

P’ 
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2D Translation Equation 

P 

x 

y 

tx 

ty 

P’ 

t 

)ty,tx(' yx  tPP

),(

),(

yx tt

yx





t

P
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2D Translation using Matrices 

P 

x 

y 

tx 

ty 

P’ 

t 

),(

),(

yx tt

yx





t

P








































1
1

0

0

1
' y

x

t

t

ty

tx

y

x

y

x
P
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Homogeneous Coordinates 

 Multiply the coordinates by a non-zero scalar and 
add an extra coordinate equal to that scalar.  For 
example, 

0   ),,,(),,(

0   ),,(),(





wwwzwywxzyx

zzzyzxyx
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Back to Cartesian Coordinates 

 Divide by the last coordinate and eliminate it. For 

example, 

 

 

 

 

 

 NOTE: in our example the scalar was 1 
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2D Translation using Homogeneous Coordinates 

P 

x 

y 

tx 

ty 

P’ 

t 


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
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
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1
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t
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y
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t

P

t 
P 
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








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Scaling 

P 

P’ 
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Scaling Equation 

P 

x 

y 

sx x 

P’ 
sy y 


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1
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x
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y

x

y
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P
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yxyx 



P

P

S
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
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P 

P’=S∙P 

P’’=T∙P’ 

P’’=T ∙ P’=T ∙(S ∙ P)=(T ∙ S)∙P = A ∙ P 

Scaling & Translating 

P’’ 
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Scaling & Translating 


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Translating & Scaling = Scaling & Translating ? 
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Rotation 

P 

P’ 
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Rotation Equations 

Counter-clockwise rotation by an angle  
















 










y

x

y

x





cossin

sincos

'

'

P 

x 

y’ 

P’ 

 

x’ 

y 

PRP'

yθsinxθcos'x 

xθsinyθcos'y 
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Degrees of Freedom 

R is 2x2  4 elements 

1)det( 



R

IRRRR TT
















 










y

x

y

x





cossin

sincos

'

'

Note: R belongs to the category of normal matrices  

and satisfies many interesting properties: 

CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

44 



Rotation+ Scaling +Translation 

P’= (T R S) P 


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If sx=sy, this is a 

similarity  

transformation! 
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Transformation in 2D 

  

 Isometries 

 

  Similarities 

 

  Affinity 

 

  Projective 
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Transformation in 2D 

Isometries: 


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
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
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
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- Preserve distance (areas) 

- 3 DOF 

- Regulate motion  

  of rigid object 
 

[Euclideans] 
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Transformation in 2D 

Similarities: 

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- Preserve 

- ratio of lengths 

- angles 

- 4 DOF 
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Transformation in 2D 

Affinities: 
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Transformation in 2D 

Affinities: 

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
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-Preserve: 

- Parallel lines 

- Ratio of areas 

- Ratio of lengths on  

 collinear lines 

- others… 
- 6 DOF 
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Transformation in 2D 

Projective: 
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-Preserve: 

- cross ratio of 4 collinear points 

- collinearity  

- and a few others… 

- 8 DOF 
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Transformation in 2D 
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Hp 

(rectification) 

 

Removing Perspective Distortion 
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- 8 DOF 

- how many points do I need to estimate Hp? 

At least 4 points! (8 equations) 

- There are several algorithms…  

Computing Hp 
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ix
ix

H 

ii xHx 

DLT algorithm (Direct Linear Transformation) 
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0xHx ii 

9x1 

(h1)T 

0Ai h

Function of  

measurements 

Unknown [9x1] 





















9

2

1

h

h

h


h

[3x9] 

3 equations  
(only two are independent) 

DLT algorithm (Direct Linear Transformation) 
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0hAi 

9x2A

0hA1 
0hA2 

0hAN 

0hA 199N2 

1x9h

Over determined 

Homogenous system 

ix
ix

H 

DLT algorithm (Direct Linear Transformation) 
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0hA 199N2 
How to solve                                      ?  

Singular Value Decomposition (SVD)!  

DLT algorithm (Direct Linear Transformation) 
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Eigenvalues and Eigenvectors 
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The eigenvalues of A are the roots of the  

characteristic equation 

0)det()(  AIp 





















N

2

1

1

.
ASS







Eigenvectors of A are columns of S 

diagonal form of matrix 

N 1  NS vv1

Eigenvalues and Eigenvectors 
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



















N

2

1

1

.
AVU






that 

1 VUA

Singular Value Decomposition 
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0hA 199N2 

99
T

999n2 VDU 

Last column of V gives h! H! 

How to solve                                      ?  

Singular Value Decomposition (SVD)!  

DLT algorithm (direct Linear Transformation) 
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0hA 199N2 
How to solve                                      ?  

[U, D, V] = SVD(A); 

X= V(:,end); 

DLT algorithm (direct Linear Transformation) 

CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

64 



Illinois Compass2g Site> Course Contents> Supplementary Documents> 3DVision.avi 

A00: watch 

Marilia Maschion Producer & Director UCSD ICAM undergraduate 

Vincent Rabaud Technical Advisor UCSD CSE student 

Serge Belongie Project Advisor UCSD CSE Department 

A0: review SVD decomposition 
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Cameras models  

Next lecture 
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Appendix 
 

 Properties of SVD 

67 

CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 



CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

68 



CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

69 



CEE598 Visual Sensing for Civil Infrastructure Eng. & Mgmt.  © Mani Golparvar-Fard, 2013 

Appendix:  
DLT algorithm (Direct Linear Transformation) 

 

From:  
Multiple View Geometry in Computer Vision,  

by R. Hartley and A. Zisserman, Academic Press, 2002  
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